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EQUIVARIANT BORDISM OF 2-TORUS MANIFOLDS AND
UNITARY TORIC MANIFOLDS–A SURVEY
ZHI LU¨
Abstract. In this paper we survey results and recent progresses on the equivariant bordism
classification of 2-torus manifolds and unitary toric manifolds.
1. Introduction
An n-dimensional 2-torus manifold is a smooth closed n-dimensional (not necessarily ori-
ented) manifold equipped with an effective smooth (Z2)
n-action, so its fixed point set is
empty or consists of a set of isolated points (see [33, 35]). A 2n-dimensional unitary toric
manifold, introduced by Masuda in [40], is a unitary 2n-dimensional manifold equipped with
an effective T n-action fixing a nonempty fixed point set and preserving the tangential stably
complex structure of M2n, where T n is the torus group of rank n and a unitary manifold is
an oriented closed smooth manifold whose tangent bundle admits a stably complex struc-
ture. The seminal work of Davis and Januszkiewicz in [15] studied two kinds of equivariant
manifolds: small covers and quasitoric manifolds, which are the real and complex topological
versions of toric varieties in algebraic geometry, respectively, where a small cover of dimension
n (resp. a quasitoric manifold of dimension 2n) is a smooth closed n-dimensional manifold
(resp. 2n-dimensional manifold) admiting a locally standard (Z2)
n-action (resp. T n-action)
such that the orbit space is a simple convex polytope. As shown in [15], small covers and qu-
asitoric manifolds have a very beautiful algebraic topology and provide a strong link between
equivariant topology, polytope theory and combinatorics. Obviously, each small cover is a
special 2-torus manifold. Buchstaber and Ray showed in [7] that each quasitoric manifold
with an omniorientation always admits a compatible tangential stably complex structure.
Thus, small covers and omnioriented quasitoric manifolds provide abundant examples of
2-torus manifolds and unitary toric manifolds, respectively.
In nonequivariant case, Buchstaber and Ray showed in [7] that each class of Nn (resp.
ΩU2n) contains an n-dimensional small cover (resp. a 2n-dimensional quasitoric manifold) as
its representative, where N∗ =
∑
m≥0Nm (resp. Ω
U
∗ =
∑
m≥0 Ω
U
2m) is the ring formed by the
unoriented bordism classes of all smooth closed manifolds (resp. the unitary bordism classes
of all unitary manifolds). The work of Buchstaber and Ray gives a motivation to the study
of the equivariant bordism classification of 2-torus manifolds and unitary toric manifolds, so
that the following question arises naturally.
(Q1) Can preferred representatives in the classes of Zn((Z2)
n) (resp. ZU2n(T
n)) be chosen
from small covers (resp. omnioriented quasitoric manifolds)?
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where Zn((Z2)
n) (resp. ZU2n(T
n)) denotes the group produced by the (Z2)
n-equivariant un-
oriented bordism classes of all n-dimensional 2-torus manifolds (resp. the T n-equivariant
unitary bordism classes of all 2n-dimensional unitary toric manifolds). Note that the carte-
sian products of actions also define the graded rings M∗ =
⊕
n≥0Zn((Z2)
n) and Ξ∗ =⊕
n≥0Z
U
2n(T
n), which, significantly, turn out to be non-commutative. With respect to this
question, the author of this paper first dealt with the case of 2-torus manifolds and proposed
the following concrete conjecture in [33].
Conjecture (∗): Each class of Zn((Z2)
n) contains a small cover as its representative.
It was shown in [33] that Conjecture (∗) is true for n ≤ 3, and there is also an essential link
among the equivariant bordism of 3-dimensional 2-torus manifolds, 3-dimensional colored
polytopes and mod 2 GKM graphs of valence 3. Moreover, the following question also arises
naturally although 2-torus manifolds (resp. unitary toric manifolds) form a much wider class
than small covers (resp. omnioriented quasitoric manifolds).
(Q2) Is there still a strong link among the equivariant bordism of 2-torus manifolds and
unitary toric manifolds, colored polytopes and (mod 2) GKM graphs in the general
case?
The purpose of this paper is to investigate results and recent development on the equi-
variant bordism classification of 2-torus manifolds and unitary toric manifolds with respect
to the above questions.
In the setting of 2-torus manifolds, a significant amount of technical machinery has been
developed in [37] by defining a differential operator on the dual algebra of the unoriented
(Z2)
n-representation algebra introduced by Conner and Floyd, so that the satisfactory so-
lutions to the questions (Q1) and (Q2) can be obtained, and in particular, Conjecture (∗)
can be answered affirmatively. In addition, this technical machinery can be combined with
the mod 2 GKM theory and the Davis–Januszkiewicz Theory of small covers together very
well, so that one can determine how the graded noncommutative ring M∗ is generated,
and find some essential relationships among 2-torus manifolds, coloring polynomials, col-
ored simple convex polytopes, colored graphs. It should be pointed out that the classical
(Z2)
n-equivariant bordism theory and results (e.g., tom Dieck’s existence theorem) also play
important roles on the study of the equivariant bordism classification of 2-torus manifolds.
In Section 2, we shall systemically introduce the developed equivariant unoriented bordism
theory in the setting of 2-torus manifolds.
In the setting of unitary toric manifolds, whether or not each class ofZU2n(T
n) is represented
by an omnioriented quasitoric manifold is still open in the general case. However, some
techniques and ideas developed in the setting of 2-torus manifolds can still be carried out
very well in this case. Indeed, Darby in [14] drew those techniques and ideas into the case
of unitary toric manifolds with some new viewpoints, so that significant advances can be
obtained in many aspects, such as the graded noncommutative ring Ξ∗, some essential links
to polytope theory and torus graphs, and so on. The key reason why the case of unitary toric
manifolds has less progresses than that of 2-torus manifolds is because of the existence of
an infinite number of irreducible complex T n-representations. This leads the case of unitary
toric manifolds to be much more difficult and complicated. We shall give an introduction
on the study of ZU2n(T
n) in Section 3. In addition, in Section 3 we also shall mention the
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work on the equivariant Chern numbers of unitary toric manifolds in [36] which is related to
Kosniowski conjecture, and some problems and conjectures will also be proposed therein.
Finally we survey a result on the relation between Zn((Z2)
n) and ZU2n(T
n)) in Section 4.
2. Equivariant unoriented bordism of 2-torus manifolds
In the early 1960s, Conner and Floyd [12] (also see [11]) begun the study of geometric equi-
variant unoriented and oriented bordism theories for smooth closed manifolds with periodic
diffeomorphisms, and the subject has also continued to develop and to flourish by extending
their ideas to other equivariant bordisms since then. For example, the homotopy theoretic
analogue was described by tom Dieck [16]. A main aspect of Conner–Floyd’s work is on the
study of (Z2)
n-equivariant unoriented bordism. Conner and Floyd studied the localization of
(Z2)
n-equivariant unoriented bordism. The following localization theorem is due to Conner
and Folyd [12] for n = 1 and Stong [49] for the general case.
Theorem 2.1. The ring homomorphism φ∗ : N
(Z2)n
∗ =
∑
i≥0N
(Z2)n
i −→ N∗(BO), defined by
mapping the equivariant unoriented class of a smooth closed (Z2)
n-manifold to the unoriented
bordism class of its normal bundle of fixed point set, is injective, where N
(Z2)n
∗ is the ring
formed by the equivariant unoriented bordism classes of all smooth closed (Z2)
n-manifolds.
However, generally speaking, the ring structure of N
(Z2)n
∗ is still far from settled except
for the case n = 1 (see [1, 46]). In [12], Conner and Floyd discussed the case in which the
fixed point set of the action is isolated, and introduced and studied a graded commutative
algebra over Z2 with unit, Z∗((Z2)
n) =
∑
m≥0 Zm((Z2)
n), where Zm((Z2)
n) consists of (Z2)
n-
equivariant unoriented bordism classes of all smooth closed m-manifolds with effective (Z2)
n-
actions fixing a finite set. Clearly, Z∗((Z2)
n) is a subring of N
(Z2)n
∗ , and when m = n,
Zn((Z2)
n) is exactly formed by the classes of all 2-torus n-manifolds. Also, the restriction
to Z∗((Z2)
n) of φ∗ gives the following monomorphism (still denoted by φ∗)
φ∗ : Z∗((Z2)
n) −→ R∗((Z2)
n)
defined by {M} 7−→
∑
p∈M (Z2)
n [τpM ] where τpM denotes the real (Z2)
n-representation on the
tangent space at p ∈ M (Z2)
n
, and R∗((Z2)
n) =
∑
m≥0Rm((Z2)
n) is the graded polynomial
algebra over Z2 generated by the isomorphism classes of one-dimensional irreducible real
(Z2)
n-representations, which was introduced by Conner and Folyd and is called the Conner–
Floyd unoriented (Z2)
n-representation algebra here. Conner and Floyd showed in [12] that
when n = 1 Z∗(Z2) ∼= Z2, and when n = 2, Z∗((Z2)
2) ∼= Z2[u] where u denotes the class
of RP 2 with the standard (Z2)
2-action. Since then, any new progress on Z∗((Z2)
n) has
not been made until the work in [33] appeared in 2009. When n = 3, the group structure
of Z3((Z2)
3) was determined in [33] (see also [39]), and it was also shown therein that
dimZ2 Z3((Z2)
3) = 13.
The objective of this section is to survey the recent progress on the study of Zn((Z2)
n)
(i.e., the equivariant unoriented bordism of 2-torus manifolds) in the general case.
2.1. The reformulation of the existence theorem of tom Dieck and a differential
operator. In [17, Theorem 6], tom Dieck showed an existence theorem, saying that the
existence of an m-dimensional smooth closed (Z2)
n-manifold Mm fixing a finite set can be
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characterized by the integral property of its fixed point data. In [37], Lu¨ and Tan gave a
simple proof to show that the existence theorem of tom Dieck can be formulated into the
following result in terms of Kosniowski and Stong’s localization formula ([26]).
Theorem 2.2 ([37, Theorem 2.2]). Let {τ1, ..., τl} be a collection of m-dimensional faithful
(Z2)
n-representations in Rm((Z2)
n). Then a necessary and sufficient condition that τ1 +
· · ·+ τl ∈ Imφm (or {τ1, ..., τl} is the fixed point data of a (Z2)
n-manifold Mm) is that for all
symmetric polynomial functions f(x1, ..., xm) over Z2,
(2.1)
l∑
i=1
f(τi)
χ(Z2)n(τi)
∈ H∗(B(Z2)
n;Z2)
where χ(Z2)
n
(τi) denotes the equivariant Euler class of τi, which is a product of m nonzero ele-
ments of H1(B(Z2)
n;Z2), and f(τi) means that variables x1, ..., xm in the function f(x1, ..., xm)
are replaced by those m degree-one factors in χ(Z2)
n
(τi).
Remark 1. Although all elements of Imφ∗ can be characterized by the formula (2.1), it is
still quite difficult to determine the algebra structure of Imφ∗ ∼= Z∗((Z2)
n).
It is well-known that all irreducible real (Z2)
n-representations bijectively correspond to
all elements in Hom((Z2)
n,Z2), where every irreducible real representation of (Z2)
n has the
form λρ : (Z2)
n × R −→ R with λρ(g, x) = (−1)
ρ(g)x for ρ ∈ Hom((Z2)
n,Z2), and λρ is
trivial if ρ(g) = 0 for all g ∈ (Z2)
n. Write JRn = Hom((Z2)
n,Z2) and regard it as the
set of all all irreducible real (Z2)
n-representations. Then the free polynomial algebra on
JRn over Z2, denoted by Z2[J
R
n ], can be identified with R∗((Z2)
n). Similarly, one has also
another free polynomial algebra Z2[J
∗R
n ] on J
∗R
n over Z2, which is called the dual algebra of
Z2[J
R
n ] = R∗((Z2)
n), where J∗Rn = Hom(Z2, (Z2)
n) is the dual of JRn as Z2-linear spaces.
Definition 1. A square-free homogeneous polynomial g =
∑
i ti,1 · · · ti,n of degree n in
Z2[J
R
n ] is called a faithful (Z2)
n-polynomial if each monomial ti,1 · · · ti,n is a faithful (Z2)
n-
representative in Z2[J
R
n ] (i.e., {ti,1 · · · ti,n} forms a basis of J
R
n ).
Both JRn and J
∗R
n are isomorphic to (Z2)
n and are dual to each other by the following
pairing:
(2.2) 〈·, ·〉 : J∗Rn × J
R
n −→ Hom(Z2,Z2)
defined by 〈ξ, ρ〉 = ρ ◦ ξ, composition of homomorphisms. Thus, each faithful (Z2)
n-
polynomial g =
∑
i ti,1 · · · ti,n of degree n in Z2[J
R
n ] determines a unique homogeneous poly-
nomial g∗ =
∑
i si,1 · · · si,n in Z2[J
∗R
n ], which is called the dual (Z2)
n-polynomial of g, where
{si,1, ..., si,n} is the dual basis of {ti,1, ..., ti,n}, determined by the pairing (2.2).
In [37], Lu¨ and Tan defined a differential operator d on Z2[J
∗R
n ] as follows: for each
monomial s1 · · · si of degree i ≥ 1
di(s1 · · · si) =
{∑i
j=1 s1 · · · sj−1ŝjsj+1 · · · si if i > 1
1 if i = 1.
and d0(1) = 0, where the symbol ŝj means that sj is deleted. Obviously, d
2 = 0, so
(Z2[J
∗R
n ], d) forms a chain complex. Then, Lu¨ and Tan proved the following theorem which
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formulates a simple criterion of a faithful (Z2)
n-polynomial g ∈ Imφn in terms of the van-
ishing of the differential d on the dual of g.
Theorem 2.3 ([37, Theorem 2.3]). Let g =
∑
i ti,1 · · · ti,n be a faithful (Z2)
n-polynomial in
Z2[J
R
n ]. Then g ∈ Imφn if and only if d(g
∗) = 0.
By S(JRn ) (resp. S(J
∗R
n )) one denotes the infinite symmetric tensor algebra on J
R
n (resp.
J∗Rn ) over Z2. It turns out that S(J
R
n ) (resp. S(J
∗R
n )) is in effect the same as the graded
polynomial algebra over Z2, in indeterminates that are basis elements for J
R
n (resp. J
∗R
n ).
Then one has that
S(JRn )
∼= S(J∗Rn )
∼= H∗(B(Z2)
n;Z2)
as algebras since both JRn and J
∗R
n are isomorphic to H
1(B(Z2)
n;Z2) as Z2-linear spaces.
Theorems 2.2 and 2.3 give following interesting algebraic corollary, which indicates a
unification of “differential” and “integral” in some sense.
Corollary 2.4 ([37]). Let g =
∑
i ti,1 · · · ti,n be a faithful (Z2)
n-polynomial in Z2[J
R
n ]. Then
d(g∗) = 0 if and only if for all symmetric polynomial functions f(x1, ..., xn) over Z2,∑
i
f(ti,1, ..., ti,n)
ti,1 · · · ti,n
∈ S(JRn )
when ti,1 · · · ti,n and f(ti,1, ..., ti,n) are regarded as polynomials in S(J
R
n ).
The proof of Theorem 2.3 is based upon another characterization of g ∈ Imφn in terms
of (Z2)
n-colored graphs (or mod 2 GKM graphs), which will be introduced in the next
subsection.
2.2. (Z2)
n-colored graphs and small covers. In [19], Goresky, Kottwitz and MacPherson
established the GKM theory, indicating that there is an essential link between topology and
geometry of torus actions and the combinatorics of colored graphs (see also [21]). Such a
link has already been expanded to the case of mod 2-torus actions (see, e.g., [3, 4, 32, 34]).
Specifically, assume thatMm is a smooth closed m-manifold with an effective smooth (Z2)
n-
action fixing a nonempty finite set M (Z2)
n
, which implies m ≥ n (see [2]). Then we know
from [32, 34] that the (Z2)
n-action on Mm defines a regular graph ΓM of valence m with
the vertex set M (Z2)
n
and a (Z2)
n-coloring α. In the extreme case where m = n (i.e., Mn is
a 2-torus manifold), one knows from [3, 32, 34] that such a (Z2)
n-colored graph (ΓM , α) is
uniquely determined by the (Z2)
n-action where α is defined as a map from the set EΓM of
all edges of ΓM to all non-trivial elements of J
R
n , and it satisfies the following properties:.
(P1) for each vertex v of ΓM ,
∏
x∈Ev
α(x) is faithful in Z2[J
R
n ], where Ev denotes the set
of all edges adjacent to v;
(P2) for each edge e of ΓM , α(Eu) ≡ α(Ev) mod α(e) in J
R
n where u and v are two
endpoints of e.
The pair (ΓM , α) is called the (Z2)
n-colored graph of the 2-torus manifold Mn.
Guillemin and Zara [21] formulated the results of GKM theory in terms of a colored graph,
and developed the GKM theory combinatorially. They defined and studied the abstract
GKM graphs. This idea may still be carried out in the mod 2 case. Following [32], let Γ
be a finite regular graph of valence n without loops. If there is a map α from the set EΓ
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of all edges of Γ to all nontrivial elements of JRn satisfying the properties (P1) and (P2) as
above, then the pair (Γ, α) is called an abstract (Z2)
n-colored graph of Γ, and α is called a
(Z2)
n-coloring on Γ.
Let (Γ, α) be an abstract (Z2)
n-colored graph. Set
g(Γ,α) =
∑
v∈VΓ
∏
x∈Ev
α(x)
which is called the (Z2)
n-coloring polynomial of (Γ, α). Obviously, g(Γ,α) is a faithful (Z2)
n-
polynomial in Z2[J
R
n ]. It was shown in [32, Proposition 2.2] that for an abstract (Z2)
n-colored
graph (Γ, α), the collection {α(Ev), v ∈ VΓ} is always realizable as the fixed point data of
some 2-torus manifold Mn, which implies that the (Z2)
n-coloring polynomial g(Γ,α) of (Γ, α)
must belong to the image Imφn. However, this result does not tell us whether (Γ, α) is
the (Z2)
n-colored graph (ΓM , α) of M
n or not, which is related to the following geometric
realization problem: under what condition can (Γ, α) become a (Z2)
n-colored graph of some
2-torus manifold? Some work for the geometric realization problem has been studied in
details in [3]. On the other hand, one has known from [3] or [34, Section 2] that each 2-
torus manifold Mn determines a (Z2)
n-colored graph (ΓM , α), and the corresponding (Z2)
n-
coloring polynomial g(ΓM ,α) is exactly φn({M
n}). This gives another characterization of a
faithful (Z2)
n-polynomial g ∈ Imφn in terms of (Z2)
n-colored graphs.
Theorem 2.5 ([37, Theorem 4.2]). A faithful (Z2)
n-polynomial g in Z2[J
R
n ] belongs to Imφn
if and only if it is the (Z2)
n-coloring polynomial of an abstract (Z2)
n-colored graph (Γ, α).
Remark 2. It was shown in [37, Propositions 5.2–5.3] that for a faithful (Z2)
n-polynomial
g ∈ Z2[J
R
n ], if g ∈ Imφn then d(g
∗) = 0, and if d(g∗) = 0, then g is the Gn-coloring polynomial
of an abstract (Z2)
n-colored graph. Then Theorem 2.3 follows from Theorem 2.5.
Now by G((Z2)
n) we denote the set of all abstract (Z2)
n-colored graphs (Γ, α). Two
abstract (Z2)
n-colored graphs (Γ1, α1) and (Γ2, α2) in G((Z2)
n) are said to be equivalent if
g(Γ1,α1) = g(Γ2,α2), denoted by (Γ1, α1) ∼ (Γ2, α2). On the coset G((Z2)
n)/ ∼, define the
addition + as follows:
{(Γ1, α1)}+ {(Γ2, α2)} := {(Γ1, α1) ⊔ (Γ2, α2)}
where ⊔ means the disjoint union.
Corollary 2.6 ([37]). Zn((Z2)
n) is isomorphic to G((Z2)
n)/ ∼.
Davis–Januszkiewicz theory gives another link between the equivariant topology and the
combinatorics of simple convex polytopes. An n-dimensional small cover pi : Mn −→ P n
is a smooth closed n-manifold Mn with a locally standard (Z2)
n-action such that its orbit
space is a simple convex n-polytope P n, where a locally standard (Z2)
n-action on Mn means
that this (Z2)
n-action on Mn is locally isomorphic to a faithful representation of (Z2)
n on
Rn. Each small cover pi : Mn −→ P n determines a characteristic function λ (here we call
it a (Z2)
n-coloring) on P n, defined by mapping all facets (i.e., (n − 1)-dimensional faces)
of P n to nontrivial elements of J∗Rn such that n facets meeting at each vertex are mapped
to n linearly independent elements. A fascinating characteristic for pi : Mn −→ P n is that
Mn can be recovered by the pair (P n, λ), so that the algebraic topology of Mn is essentially
consistent with the algebraic combinatorics of (P n, λ).
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Now suppose that pi : Mn −→ P n is a small cover, and λ : F(P n) −→ J∗Rn is its char-
acteristic function, where F(P n) consists of all facets of P n. Given a vertex v of P n, since
P n is simple, there are n facets F1, ..., Fn in F(P
n) such that v = F1 ∩ · · · ∩ Fn. Then
the vertex v determines a monomial
∏n
i=1 λ(Fi) of degree n in Z2[J
∗R
n ], whose dual by the
pairing (2.2) is faithful in Z2[J
R
n ]. Here
∏n
i=1 λ(Fi) is called the (Z2)
n-coloring monomial at
v, denoted by λv. Moreover, all vertices in the vertex set VPn of P
n via λ give a polynomial∑
v∈VPn
λv of degree n in Z2[J
∗R
n ], which is denoted by g(Pn,λ), and is called g(Pn,λ) the (Z2)
n-
coloring polynomial of (P n, λ). On the other hand, let (ΓM , α) be the (Z2)
n-colored graph
of pi : Mn −→ P n, and let g(ΓM ,α) be the (Z2)
n-coloring polynomial of (ΓM , α). One knows
from [32, Proposition 4.1; Remark 4] that ΓM is exactly the 1-skeleton of P
n, and both λ
and α determine each other. This gives
Proposition 2.7 ([37, Proposition 4.7]). g(Pn,λ) is the dual polynomial of g(ΓM ,α).
Remark 3. The following formulae for a colored polytope (P n, λ) with P n = P1 × P2 were
obtained.
• Product formula ([37, Proposition 4.10]). g(P1×P2,λ) = g(P1,λ1)g(P2,λ2);
• Connected sum formula ([37, Proposition 4.12]). g(P1♯v1,v2P2,λ) = g(P1,λ1) + g(P2,λ2)
where λi is the restriction to Pi of λ, and vi is a vertex of Pi.
Proposition 2.7 provides us much insight to the study on Zn((Z2)
n). A further question
is whether or not can the dual g∗ of g ∈ Imφn be characterized in terms of (Z2)
n-colored
n-polytopes? The positive solution of this question means that the Conjecture (∗) holds.
2.3. Structure of Zn((Z2)
n). Now let us look at the structure of Zn((Z2)
n). One has by
Theorem 2.3 that as linear spaces over Z2, Zn((Z2)
n) is isomorphic to the linear space Vn
formed by all faithful (Z2)
n-polynomials g ∈ Z2[J
R
n ] with d(g
∗) = 0. Then, the problem can
be further reduced to studying the linear space V∗n formed by the dual polynomials of those
polynomials in Vn. In [37, Proposition 6.7], Lu¨ and Tan first showed that V
∗
n is generated by
the (Z2)
n-polynomials of products of simplices with (Z2)
n-colorings, and they then showed
in the proof of [37, Theorem 2.5] that each polynomial of V∗n is exactly the (Z2)
n-coloring
polynomial of a (Z2)
n-colored simple convex n-polytope. This gives
Theorem 2.8 ([37, Corollary 6.10]). A faithful (Z2)
n-polynomial g ∈ Z2[J
R
n ] belongs to Imφn
if and only if its dual polynomial g∗ is the (Z2)
n-coloring polynomial of a (Z2)
n-colored simple
convex polytope (P n, λ).
As a consequence, one has that
Corollary 2.9 ([37, Theorem 2.5]). The Conjecture (∗) holds.
The proof of Theorem 2.8 in [37] also tells us the basic structure of the graded noncom-
mutative ring M∗ =
∑
n≥1Zn((Z2)
n), which is stated as follows.
Theorem 2.10 ([37, Theorem 2.6]). M∗ is generated by the equivariant unoriented bordism
classes of all generalized real Bott manifolds.
Remark 4. Generalized real Bott manifolds belong to a class of nicely behaved small covers,
which were introduced and studied in [9]. A generalized real Bott tower of height n is a
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sequence of RP ni-bundles with ni ≥ 1:
BRn
πn−−−→ BRn−1
πn−1
−−−→ · · ·
π2−−−→ BR1
π1−−−→ BR0 = {a point}
where each pii : B
R
i −→ B
R
i−1 for i = 1, ..., n is the projectivization of a Whitney sum of
ni + 1 real line bundles over B
R
i , and B
R
i is called an i-stage generalized real Bott manifold
or a generalized real Bott manifold of height i. It is well-known that BRi is a small cover over
∆n1 × · · · ×∆ni where ∆nj is an nj-dimensional simplex.
Theorem 2.10 gives a strong connection between the computation of equivariant bordism
groups Zn((Z2)
n) and the Davis–Januszkiewicz theory of small covers. As a computational
application, one has that
Proposition 2.11 ([37]). For n = 3, dimZ2 Z3((Z2)
3) = 13, and for n = 4, dimZ2 Z4((Z2)
4) =
510.
2.4. A summary and further problems. Together with Theorems 2.2, 2.3, 2.5 and 2.8,
it follows that there are some essential relationships among 2-torus manifolds, coloring poly-
nomials, colored simple convex polytopes, colored graphs, which are stated as follows:
Theorem 2.12. Let g =
∑
i ti,1 · · · ti,n be a faithful (Z2)
n-polynomial in Z2[J
R
n ], and g
∗ be
the dual polynomial of g. Then the following statements are all equivalent.
(1) g ∈ Imφn (i.e., there is an n-dimensional 2-torus manifold M
n such that g =∑
p∈MG[τpM ]);
(2) g is the (Z2)
n-coloring polynomial of a (Z2)
n-colored graph (Γ, α);
(3) g =
∑
i ti,1 · · · ti,n possesses the property that for any symmetric polynomial function
f(x1, ..., xn) over Z2, ∑
i
f(ti,1, ..., ti,n)
ti,1 · · · ti,n
∈ S(JRn );
(4) d(g∗) = 0;
(5) g∗ is the (Z2)
n-coloring polynomial of a (Z2)
n-colored simple convex polytope (P n, λ).
Based upon the above equivalent results, it seems to be interesting to discuss the properties
of regular graphs and simple convex polytopes. In Theorem 2.12(2), Γ can actually be chosen
as the 1-skeleton of a polytope. However, for a (Z2)
n-colored graph (Γ, α), we don’t know
when Γ will become the 1-skeleton of a polytope. Indeed, given a graph, to determine
whether it is the 1-skeleton of a polytope or not is a quite difficult problem except for the
known Steinitz theorem (see [20]). In addition, the product formula in Remark 3 tells us
that a simple convex polytope with a coloring is indecomposable if its coloring polynomial
is indecomposable. These observations lead us to pose the following problems:
• For a (Z2)
n-colored graph (Γ, α), under what condition will Γ be the 1-skeleton of a
polytope?
• Given a (Z2)
n-colored simple convex polytope (P n, λ), can we give a necessary and
sufficient condition that P n is indecomposable?
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3. Equivariant unitary bordism of unitary toric manifolds
So far, there have been many different ways to the study of equivariant unitary bordism
ring ΩU,G∗ (see, e.g., [6, 13, 16, 30, 42, 43]), where G is a compact Lie group, and Ω
U,G
∗ is
generated by the equivariant unitary bordism classes of all unitary G-manifolds. However,
the explicit ring structure of ΩU,G∗ is still difficult to calculate and only partial results are
known. Some explicit computations of various equivariant unitary bordism rings were made
by Kosniowski [24], Landweber [28], and Stong [50] for G = Zp and by Kosniowski–Yahia [27]
and Sinha [47] for G = S1. More recently, when G = T n, Hanke showed in [23, Theorem 1]
the existence of a pull back square
ΩU,T
n
∗ −−−→ MU∗[e
−1
V , YV,d]y y
MUT
n
∗ −−−→ MU∗[eV , e
−1
V , YV,d]
with all maps being injective, so that the Pontrjagin–Thom map induces a ring isomorphism
ΩU,T
n
∗
∼= MUT
n
∗ ∩MU∗[e
−1
V , YV,d]
where MUT
n
∗ is the homotopy theoretic equivariant unitary bordism ring (which was defined
by tom Dieck in [16]), MU∗ is the ordinary homotopy theoretic unitary bordism ring, and
eV are the Euler classes of nontrivial irreducible complex T
n-representations V , YV,d are the
classes of degree 2d (2 ≤ d ≤ ∞) represented by the T n-bundle E ⊗ V −→ CP d−1 with
E −→ CP d−1 being the hyperplane line bundle (see [23] for more details). In his Ph. D’s
thesis [14, Proposition 4.24], Darby showed an refinement result to the case in which the
fixed point set is isolated, saying that the commutative diagram
ZU∗ (T
n) −−−→ ΩU,T
n
∗y y
Z[e−1V ] −−−→ MU∗[e
−1
V , YV,d]
has all maps injective and is a pullback square, where ZU∗ (T
n) =
∑
m≥0Z
U
2m(T
n) is the
subring of ΩU,T
n
∗ that consists of all classes that can be represented by unitary T
n-manifolds
with finite fixed point set. Furthermore, Darby obtained in [14, Corollary 6.20] the following
monomorphism from his refinement result:
ϕn : Z
U
2n(T
n) −→ Λn
Z
(JCn )
where JCn denotes the set of irreducible T
n-representations so JCn can be identified with
Hom(T n, S1), and ΛZ(J
C
n ) is the free exterior algebra on J
C
n over Z with the graded structure
ΛZ(J
C
n ) =
⊕
m Λ
m
Z
(JCn ) having the property Λ
k
Z
(JCn ) ∧ Λ
l
Z
(JCn ) ⊂ Λ
k+l
Z
(JCn ). The monomor-
phism ϕn : Z
U
2n(T
n) −→ Λn
Z
(JCn ) is an analogue of φ∗ : Z∗((Z2)
n) −→ Z2[J
R
n ] as stated in
Section 2. Moreover, Darby carried out his study on ZU2n(T
n) (i.e., the equivariant unitary
bordism of all unitary toric 2n-manifolds) by capturing the ideas developed in the setting of
2-torus manifolds, which will be introduced in the next subsection.
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3.1. Structure of Ξ∗, faithful exterior polynomials and torus graphs. An exterior
polynomial g in Λn
Z
(JCn ) is said to be faithful if the indeterminates from each monomial of
g form a basis of JCn . Similarly to the definition of ΛZ(J
C
n ), define ΛZ(J
∗C
n ) to be the free
exterior algebra on J∗Cn over Z, where J
∗C
n = Hom(S
1, T n). Since both JCn and J
∗C
n are
isomorphic to Zn and are dual by the following pair
〈·, ·〉 : J∗Cn × J
C
n −→ Hom(S
1, S1) ∼= Z
defined by 〈ξ, ρ〉 = ρ ◦ ξ, for each faithful exterior polynomial g ∈ Λn
Z
(JCn ) one may obtain
a dual polynomial g∗ ∈ Λn
Z
(J∗Cn ) by considering the dual basis in J
∗C
n of the basis in J
C
n
produced by each monomial of g. Clearly, the monomorphism ϕn maps each nonzero class
β of ZU2n(T
n) to an faithful exterior polynomial ϕn(β) in Λ
n
Z
(JCn ).
Similarly, a differential operator d on ΛZ(J
∗C
n ) may be defined as follows: for each monomial
s1 ∧ · · · ∧ sk ∈ Λ
k
Z
(J∗Cn ) with k ≥ 1
dk(s1 ∧ · · · ∧ sk) =
{∑k
i=1(−1)
i+1s1 ∧ · · · si−1 ∧ ŝi ∧ si+1 ∧ · · · ∧ sk if k > 1
1 if k = 1
and d0(1) = 0.
Recall that Ξ∗ =
⊕
n≥0Z
U
2n(T
n) is the graded noncommutative ring generated by the
equivariant unitary bordism classes of all unitary toric manifolds. Let Kn denote the abelian
group of all faithful exterior polynomials g ∈ Λn
Z
(JCn ) such that d(g
∗) = 0. Then K∗ =⊕
n≥0Kn forms a graded noncommutative subring of ΛZ(J
C
n ). Darby showed that
Theorem 3.1 ([14, Theorem 8.5]). Both Ξ∗ and K∗ are isomorphic. Furthermore, a faithful
exterior polynomial g in Λn
Z
(JCn ) belongs to Imϕn if and only if d(g
∗) = 0.
A torus graph is a pair (Γ, α) consisting of an n-valent regular graph Γ with a torus axial
function α : EΓ −→ J
C
n subject to the following properties:
(1) α(e) = ±α(e);
(2) for each vertex v, α(Ev) forms a basis of J
C
n ;
(3) for each edge e, α(Ei(e)) ≡ α(Et(e)) mod α(e)
where EΓ denotes the set of oriented edges of Γ, that is, each edge appears twice in EΓ
with opposite orientations, i(e) and t(e) denote the initial and terminal vertices of an edge
e ∈ EΓ, respectively, e denotes the edge e with its opposite orientation, and for each vertex v,
Ev = {e ∈ EΓ|i(e) = v}. Note that a torus axial function is different from the axial function
for GKM-graphs as defined in [22], which requires that α(e) = −α(e) as well as that the
elements of α(Ev) are pairwise linearly independent. As shown in [41], a torus graph is not
a GKM graph in general, each torus manifold M determines a torus graph (ΓM , α), and all
torus graphs are orientable, where an orientation of a torus graph (Γ, α) is an assignment
σ : VΓ −→ {±1} satisfying σ(i(e))α(e) = −σ(i(e)α(e) for every e ∈ EΓ, and a torus manifold
of dimension 2n is a smooth closed 2n-manifold with an effective T n-action fixing a nonempty
set (so a unitary toric manifold is a special torus manifold). Darby showed in [14, Proposition
6.11] that the torus graph of a unitary toric manifold is orientable, and he gave the definition
of the torus polynomial g(Γ,α,σ) of an oriented torus graph (Γ, α, σ) (see [14, Definition 6.17]).
Furthermore, Darby characterized the torus polynomials of oriented torus graphs in terms
of the vanishing of the differential d on the dual polynomials.
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Theorem 3.2 ([14, Theorem 6.26]). Let g ∈ Λn
Z
(JCn ) be a faithful polynomial. Then g is the
torus polynomial of an oriented torus graph if and only if d(g∗) = 0.
A quasitoric manifold is an even-dimensional smooth closed manifold M2n equipped with
a locally standard smooth T n-action such that the orbit space is a simple n-polytope P . Like
small covers, each quasitoric manifold pi : M2n −→ P n determines a characteristic map λ
(also called a Zn-coloring here) on P n, which sends each facet of P n onto non-trivial elements
of J∗Cn , unique up to sign, such that the n facets of P
n meeting at a vertex are mapped to
a basis of J∗Cn , and M
2n can be recovered from the combinatorial data (P n, λ). As shown
in [7], each quasitoric manifold pi : M2n −→ P n with an omniorientation is a unitary toric
manifold, where an omniorientation consists of a choice of orientation for M2n and for every
submanifold pi−1(F ), F ∈ F(P n) (the set of all facets of P n). Each omnioriented quasitoric
manifold still determines a pair (P n, λ), which is called the quasitoric pair. Then the following
result means that the study on omnioriented quasitoric manifolds can be reduced to the study
on quasitoric pairs.
Theorem 3.3 ([14, Corollary 5.28], also see [6, Theorem 5.10]). There is a bijection between
the set of quasitoric pairs and the set of omnioriented quasitoric manifolds.
To consider whether each class of ZU2n(T
n) is represented by an omnioriented quasitoric
manifold, Darby in [14] introduced a graded noncommutative ring Q∗, which is generated by
all quasitoric pairs with the addition and the multiplication given by the disjoint union and
the cartesian product, respectively. Then he studied the homomorphism of non-commutative
graded rings
M : Q∗ −→ Ξ∗
by constructing the omnioriented quasitoric manifold associated to a quasitoric pair. This
homomorphism is not a monomorphism, but if it is surjective, then one can obtain that
each class of ZU2n(T
n) is represented by an omnioriented quasitoric manifold. Darby made a
significant advance to show that when n = 1, 2, M is surjective (see [14, Corollaries 8.8 and
8.10]).
Darby also extended the connected sum construction of quasitoric pairs which allows for a
more general notion of the equivariant connected sum of omnioriented quasitoric manifolds
([14, §7.3]), and obtained the connected sum formula and the product formula for quasitoric
pairs ([14, Lemmas 7.5 and 7.11]). In addition, for an omnioriented quasitoric manifold
pi : M2n −→ P n, he also showed that the polynomial of the quasitoric pair (P n, λ) is the
dual of the torus polynomial of the associated oriented torus graph (ΓM , α) ([14, Formula
(7.5)]).
3.2. Equivariant Chern numbers and the number of fixed points for unitary torus
manifolds. In [18], Guillemin, Ginzburg and Karshon showed that the equivariant unitary
bordism class of a unitary T n-manifold with isolated fixed points is completely determined
by its equivariant Chern numbers. In [36], Lu¨ and Tan gave a refinement of their result in
the setting of unitary toric manifolds.
Theorem 3.4 ([36, Theorem 1.1]). Let β = {M} be a class in ZU2n(T
n). Then β = 0 if and
only if the equivariant Chern numbers 〈(cT
n
1 )
i(cT
n
2 )
j, [M ]〉 = 0 for all i, j ∈ N, where [M ] is
the fundamental class of M with respect to the given orientation.
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In [25], Kosniowski studied unitary S1-manifolds and when the fixed points are isolated,
he proposed the following conjecture.
Conjecture (Kosniowski). Suppose that M2n is a unitary S1-manifold with isolated fixed
points. If M2n does not bound equivariantly then the number of fixed points is greater than
f(n), where f(n) is some linear function.
Remark 5. As was noted by Kosniowski in [25], the most likely function is f(n) = n
2
, so the
number of fixed points of M2n is at least [n
2
] + 1.
With respect to this conjecture, recently some related works have been done (see [8, 29,
44]). For example, Li and Liu showed in [29] that if M2mn is an almost complex manifold
and there exists a partition λ = (λ1, . . . , λr) of weight m such that the corresponding Chern
number 〈(cλ1 . . . cλr)
n, [M ]〉 is nonzero, then any S1-action on M must have at least n + 1
fixed points. In the case of the unitary torus manifolds, one can apply Theorem 3.4 to
obtain the following result, which further provides supporting evidence to the Kosniowski
conjecture.
Theorem 3.5 ([36, Theorem 1.2]). Suppose that M2n is a (2n)-dimensional unitary toric
manifold. IfM2n does not bound equivariantly, then the number of fixed points is at least ⌈n
2
⌉+
1, where ⌈n
2
⌉ denotes the minimal integer no less than n
2
.
3.3. Problems and conjectures. We would like to conclude this section with the following
problems and conjectures:
Problem 3.6. Let g =
∑
i ti,1 ∧ · · · ∧ ti,n be a faithful exterior polynomial in Λ
n
Z
[JCn ]. Is the
following fact true?
Fact. d(g∗) = 0 if and only if for all symmetric polynomial functions f(x1, ..., xn) over Z,∑
i
f(ti,1, ..., ti,n)
ti,1 · · · ti,n
∈ S(JCn )
when ti,1 · · · ti,n and f(ti,1, ..., ti,n) are regarded as polynomials in S(J
C
n ), where S(J
C
n ) is the
symmetric algebra on JCn over Z.
Conjecture 3.7 ([14, Conjecture 8.13]). Each class of ZU2n(T
n) is represented by an omnior-
iented quasitoric manifold. Equivalently, the homomorphism M : Q∗ −→ Ξ∗ is surjective.
Conjecture 3.8 ([36, Conjecture 3.1]). The number ⌈n
2
⌉+1 is the best possible lower bound
of the number of fixed points for nonbounding unitary toric manifolds of dimension 2n.
4. Relation between Zn((Z2)
n) and ZU2n(T
n)
Milnor’s work tells us in [45] (see also [48]) that there is a homomorphism F∗ : Ω
U
∗ −→ N
2
∗
where N2∗ = {α
2|α ∈ N∗}. This actually implies that there is a covering homomorphism
Hn : Ω
U
2n −→ Nn which is induced by θn ◦ Fn, where θn : N
2
n −→ Nn is defined by mapping
α2 7−→ α. This observation leads to the following natural question: Is there a homomorphism
H˜n : Z
U
2n(T
n) −→ Zn((Z2)
n) such that H˜n is onto?
In [38], Lu¨ and Tan discussed this question. The homomorphism H˜n is defined as follows:
First, a class {M2n} in ZU2n(T
n)) gives an oriented torus graph (ΓM , α) of M
2n. Next one
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may obtain a (Z2)
n-colored graph (Γ, α) from (ΓM , α) such that Γ = ΓM and α is the mod
2 reduction of α, and then the coloring polynomial of (Γ, α) determines a class of Zn((Z2)
n)
as desired. In particular, if M2n is an omnioriented quasitoric manifold over a simple convex
polytope P , then H˜n exactly maps {M
2n} into the class of the fixed point set (as a small cover
over P ) of the natural conjugation involution on M2n (see [15, Corollary 1.9]). Furthermore,
it was showed by using Atiyah–Bott–Berline–Vergne localization theorem and a classical
result of Stong that H˜n is well-defined. With a very technical method, Lu¨ and Tan showed
that
Theorem 4.1 ([38]). The homomorphism H˜n : Z
U
2n(T
n) −→ Zn((Z2)
n) is surjective.
Remark 6. Theorem 4.1 gives an answer to the lifting problem from small covers to quasitoric
manifolds in the sense of equivariant bordism, where the lifting problem is explained as
follows: Given a (Z2)
n-coloring λ : F(P n) −→ J∗Rn
∼= (Z2)
n on a simple convex n-polytope
P n, does there exist a Zn-coloring λ˜ : F(P n) −→ J∗Cn
∼= Zn such that the following diagram
commutes?
J∗Cn
mod 2

F(P n)
λ˜
;;
①
①
①
①
①
①
①
①
①
λ
// J∗Rn
where F(P n) denotes the set of all facets of P n. This problem was posed by the author
of this paper at the conference on toric topology held in Osaka in November 2011†. The
problem is still open except for the cases of n ≤ 3 and m − n ≤ 3, where m is the number
of all facets of P n (see [10]).
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